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Abstract

We present and discuss an integro-differential equation that models economic dy-
namics in a closed population. An “economic inequality index” is introduced and
some examples are provided showing how changes in social mobility can produce
increasing (or decreasing) social equity.
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1 Introduction

The aim of this paper is to present and discuss a mathematical model for the
economic dynamics of a given closed population.

Let us start by assuming that, at a given time t ¥ 0, each member of the
population is characterized by a “social index” x. This index could correspond
to the yearly salary, to the amount of income tax paid, etc. We assume that
x ranges in a bounded interval and, upon a trivial normalization, we will take
x P r0, 1s.

In this spirit, we can define a function npx, tq, such that, for any fixed time t
and any pair x1, x2, 0 ¤ x1   x2 ¤ 1, the quantity

» x2

x1

npx, tqdx, (1.1)



represents the number of individuals of the given society whose social index
(at time t) belongs to the interval px1, x2q. Sometimes, we will refer to npx, tq
as to the “social density” at time t.

When npx, tq px P r0, 1s, t ¥ 0q for a given society is known, we say that
the social dynamics of the society is known. It is clear that the social dynam-
ics is influenced by three main factors: (i) immigration/emigration, (ii) age
structure and birth/death rate, (iii) economic mobility (i.e. change of social
index). In this article we neglect (i) just to keep the discussion simpler and
shorter (for a discussion of these factors see e.g. [6]). Taking (ii) into account,
on the contrary, would imply non-trivial modifications, including discussion
on hereditary issues and so on, that are well beyond our present goals. We
may just mention that one could partially include these aspects by assuming
that the “individuals” that we consider in our model of society are rather
households (as the latter appear in the usual economic statistics [3] ).

Thus, we will confine our analysis to aspect (iii). In order to model economic
mobility (see [5], [1] and the literature cited therein) we characterize it by
a function γpx, yq, px, yq P r0, 1s2, representing the rate at which individuals
having social index x pass to social index y. More precisely γpx, yq is such
that, for any 0 ¤ t1   t2, the quantity

» t2

t1

» x2

x1

npx, tq
» 1

0

γpx, yqdydxdt, (1.2)

gives the number of individuals that, in the time interval pt1, t2q leave the social
class identified by a social index belonging to the interval px1, x2q. Conversely,
the number of “newcomers” in the same class in the same time interval is
given by » t2

t1

» x2

x1

» 1

0

npz, tqγpz, xqdzdxdt, (1.3)

Of course, one could also consider the case of a time-dependent social mobility.

It is immediately seen that the balance for the social density npx, tq is ex-
pressed by the integrodifferential equation

Bn
Bt px, tq � �npx, tq

» 1

0

γpx, yqdy �
» 1

0

γpz, xqnpz, tqdz. (1.4)

It is clear that an alternative discrete formulation can be obtained by partition-
ing the interval p0, 1q into m parts and defining the numbers n1ptq, ..., nmptq of
individuals in each of the social classes corresponding to the m sub-intervals.
Then, a pm�mq matrix A can be introduced whose elements ai,k ¥ 0 represent
the rate at which individuals pass from class i to class k. The balance is now
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expressed by the following dynamical system

9njptq � �
¸
k�j

njajk �
¸
k�j

nkakj. (1.5)

A particular case of (1.5), i.e. ajk � 0 if |j�k| ¡ 1, was considered in [12] and
[13].

In this paper we will first discuss (Section 2) the basic properties of the model
and we give some different formulations and some examples. Then, we focus
our attention (Section 3) on stationary solutions, that correspond to an equi-
librium distribution of the population in the social classes. In Section 4 we
include an index of social inequality associated with any npx, tq and we study
the time variation of the social index xp such that the first p�quantile of the
total population has social index in the interval p0, xpq.

Of course, the problem of economic redistribution is a key topic in political
economy (see [2], [14]) since the economic mobility can be influenced by so-
cial policy ([7],[9],[15]). In this spirit, Section 5 is devoted to the problem of
finding the kernel of social mobility γpx, yq (within a set of functions with a
prescribed structure) that induces a desired stationary distribution. We will
provide examples of non-existence and of non-uniqueness of solution for this
problem.

In each section, examples and numerical simulations are displayed. Indeed
the paper is more oriented to provide evidence of the reasonable outcomes of
the model and of its potential usefulness, than to go deeper into its general
mathematical structure.

2 Different forms of the social dynamic equation

We will study the following problem

Problem (P) Find npx, tq P L1p0, 1q @t ¡ 0, continuously differentiable
w.r.t. t, for t ¥ 0, satisfying the following differential equation,

Bn
Bt px, tq � �npx, tq

» 1

0

γpx, yqdy �
» 1

0

γpz, xqnpz, tqdz. (2.1)

and such that

npx, 0q � n0pxq, x P p0, 1q, (2.2)

where
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γ P L8p0, 1q2, γ ¥ 0 a.e. (2.3)

n0 P L1p0, 1q, n0 ¥ 0 a.e. (2.4)

�

Of course, problem (P) can be seen as an evolution problem in L1p0, 1q
dn

dt
� Fn, np0q � n0 P L1p0, 1q, (2.5)

and the norm of the operator F is bounded by

||F || ¤ 2||γ||L8 .

As a particular case of the results of [4] we have

Theorem 2.1 Problem (P), i.e. problem (2.5), has one unique solution. More-
over

(i) npx, tq ¥ 0 a.e. in p0, 1q, @t ¥ 0.
(ii) If γ and n0 are continuously differentiable in p0, 1q2 and in p0, 1q, respec-

tively, till the order k, then n P Ck w.r.t. x, n P C8 w.r.t. t and
Bin
Bxi P C

8

w.r.t. t (i � 1, .., k).
(iii) If n0 P L8p0, 1q, npx, tq is analytic w.r.t t a.e. in x.

�

Moreover, the following conservation property is immediately proved.

Proposition 2.1 For any t ¡ 0

}npx, tq}L1p0,1q � }n0pxq}L1p0,1q � N, (2.6)

i.e. the total population is constant.

�

Let us define

gpxq �
» 1

0

γpx, yqdy, (2.7)

and note that (2.1) - (2.2) can be re-written in the form (because of Theorem
2.1)

npx, tq � n0pxq exp r�gpxqts �
» t

0

exp r�gpxqpt� sqs
�» 1

0

γpz, xqnpz, sqdz


ds.

(2.8)
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It is sometimes useful to define the “total mobility rate” to class y,

Γpy, tq �
» 1

0

γpx, yqnpx, tqdx,

and to rewrite (2.8) as an integral equation for Γ,

Γpy, tq � Gpy, tq �
» t

0

» 1

0

Kpx, y, t� sqΓpx, sqdxds, (2.9)

where

Gpy, tq �
» 1

0

γpx, yqn0pxq exp r�gpxqts dx,
Kpx, y, tq � γpx, yq exp r�gpxqts .

Example 2.1 If γ � c, then

npx, tq � N � pn0pxq �Nq e�ct, t ¥ 0, (2.10)

(an immediate consequence of (2.8)).

�

Example 2.2 If γpx, yq � qpyq, then, if q � 0,

npx, tq � N

a
qpxq �1 � e�at

�� n0pxqe�at, t ¥ 0, (2.11)

where

a �
» 1

0

qpyqdy.
Obviously, when q Ñ 0 a.e., i.e. a Ñ 0, the solution n � n0pxq is easily
retrieved from (2.11).

�

Example 2.3 If γpx, yq � ppxq, then, if p � 0,

npx, tq � νpx, tq{ppxq (2.12)

where νpx, tq solves

νt � ppxqν � ppxq
» 1

0

νpy, tqdy, νpx, 0q � ppxqn0pxq,

i.e.

νpx, tq � νpx, 0q expp�ppxqtq � ppxq
» t

0

exp p�ppxqpt� sqq
» 1

0

νpy, sqdyds.
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�

Example 2.4 If γpx, yq � ppxqqpyq, q � 0, then the function

P ptq �
» 1

0

ppzqnpz, tqdz,

solves the Volterra integral equation

P ptq �
» 1

0

ppzqn0pzq exp r�gpzqts dz �
» t

0

P psqZpt� sqds, (2.13)

where

Zptq �
» 1

0

ppxqqpxq exp r�gpxqts dx,
(a simple consequence of (2.9)). Moreover, once P ptq has been determined, the
function

Qptq �
» 1

0

qpzqnpz, tqdz
satisfies

Qptq � Hptq �
» t

0

Kpt� sqP psqds,
where

Hptq �
» 1

0

qpxqn0pxqe�ppxqt
³1
0 qpyqdy, Kptq �

» 1

0

qpxqe�ppxqt
³1
0 qpyqdy.

�

3 Stationary solutions

To simplify notation, in the sequel we will deal with the special case in which
n0pxq P Cr0, 1s and γpx, yq P C pr0, 1s2q, but it is clear that all the results
can be translated into the L8 framework, just by substituting notations like
maxr0,1s by essupp0,1q etc.

From now on we tacitly exclude the trivial case γ � 0.

Recalling definition (2.7) and introducing also

hpxq �
» 1

0

γpy, xqdy, (3.1)

we prove the following
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Theorem 3.1 Assume gpxq ¡ 0 in r0, 1s. Then Problem (P) admits a con-
stant stationary solution

n8pxq � N, x P r0, 1s, (3.2)

if and only if
gpxq � hpxq, x P r0, 1s. (3.3)

Proof. It is obvious that (3.2) implies (3.3). To prove the converse, from (2.1)
we get

n8pxq �
³1

0
γpz, xqn8pzqdz

gpxq . (3.4)

Let
¯̄n � max

r0,1s
n8pxq (3.5)

and assume that there exists an x̂ such that n8px̂q   ¯̄n. Then from (3.4) we
get

¯̄n   ¯̄nmax
hpxq
gpxq , (3.6)

thus concluding the proof by contradiction.

�

Corollary 3.1 If γpx, yq has the form

γpx, yq � ppxqqpyq, ppxq ¡ 0,

then problem (P) has the stationary solution

n8pxq � N
qpxq
ppxq

�» 1

0

qpzq
ppzqdz


�1

.

In particular the stationary solution is constant if and only if

qpxq � Appxq
for any positive constant A.

�

Remark 3.1 Of course, multiplying γ by any positive constant just changes
the time scale of the evolution but does not affect the asymptotic solution.

�

Let us define

ḡ � min
xPr0,1s

gpxq, h̄ � min
xPr0,1s

hpxq, γ̄pxq � min
zPr0,1s

γpz, xq, (3.7)
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and
¯̄g � max

xPr0,1s
gpxq, ¯̄h � max

xPr0,1s
hpxq, ¯̄γpxq � max

zPr0,1s
γpz, xq. (3.8)

For any x such that gpxq ¡ 0, we get from (2.8), (3.7), (3.8),

n0pxq exp p�gpxqtq �Nγ̄pxq1 � exp p�gpxqtq
gpxq ¤ npx, tq ¤

¤ n0pxq exp p�gpxqtq �N ¯̄γpxq1 � exp p�gpxqtq
gpxq ,

so that, for the asymptotic value we have

Nγ̄pxq
¯̄g

¤ n8pxq ¤ N ¯̄γpxq
ḡ

.

Let us now drop the assumption gpxq ¡ 0 in r0, 1s, and consider the sets

Ag � tx P p0, 1q : gpxq � 0u , Ah � tx P p0, 1q : hpxq � 0u .
Of course, if Ag � p0, 1q (implying also Ah � p0, 1q ) then

npx, tq � n0pxq, @t ¥ 0.

In general we have

n0pxq ¤ npx, tq ¤ n0pxq �N ¯̄γpxqt, x P Ag,
n0pxq ¥ npx, tq ¥ n0pxqe�¯̄gpxqt, x P Ah,

(more precisely we could put instead of ¯̄γ and ¯̄g, maxzPp0,1q,xPAg γpz, xq and
maxxPAh

gpxq, respectively). Of course if x P Ah X Ag, it is npx, tq � n0pxq.
Concerning asymptotic solution we find that if x P Ah then n8pxq � 0, @x
such that γ̄pxq ¡ 0 (i.e. where the arrival rate is zero and the leaving rate is
not, the only possible stationary solution is n8pxq � 0).

4 Describing the economic dynamics

We introduce two definitions that may be helpful in the description of the
economic dynamics of the population:

Wabptq �
» b

a

xnpx, tqdx, (4.1)

is the cumulative richness at time t of the social class having wealth index x
between a and b, (0 ¤ a   b ¤ 1).

Ŵabptq � Wabptq{Nabptq, (4.2)
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is the average (per capita) richness in the same social class. Here

Nabptq �
» b

a

npx, tqdx,

and clearly
a ¤ Ŵab ¤ b. (4.3)

In particular, taking a � 0, b � 1 we have the total and average wealth of the
population, W ptq and Ŵ ptq, respectively.

We introduce an index of economic inequality

iptq � 1

NŴ ptq
�

1 � Ŵ ptq
	
» 1

0

�
x� Ŵ ptq

	2

npx, tqdx. (4.4)

An alternative definition of i is

iptq � Ŵ2ptq � Ŵ 2ptq
Ŵ ptq

�
1 � Ŵ ptq

� , (4.5)

where Ŵ2ptq � 1

N

³1

0
x2npx, tqdx. Since Ŵ2 ¤ Ŵ , from (4.5) we have 0 ¤ i ¤ 1.

Remark 4.1 Of course (4.4) only makes sense if Ŵ ptq � 0, 1. The cases
Ŵ � 0, Ŵ � 1 arise just when, at some time t̄, npx, t̄q � 2Nδpxq, npx, t̄q �
2Nδpx � 1q, respectively, where δ is the Dirac distribution. In these cases we
will define ipt̄q as the limit for ε Ñ 0 of the expression (4.4) where npx, t̄q is
replaced by nεpxq � 2Nδpεq or nεpxq � 2Nδpx � 1 � εq, and Ŵεpt̄q is defined
accordingly.

�

It is well known, since the classical paper [11], that several indexes of economic
inequality have been proposed, see e.g. the Gini’s paper [8] and the references
in [10]. We believe that (4.4) is the most natural definition of inequality in the
spirit of our approach.

We note that for a population in which all the members have the same wealth
(necessarily Ŵ ; from now on we do not indicate time dependence explicitly,
to simplify notation) we would have npxq � Nδpx� Ŵ q. In this case i � 0.

On the contrary, for the same total wealth NŴ the most unequal distribution
corresponds to the case in which NŴ individuals have wealth index 1 and
Np1 � Ŵ q have wealth index 0. This corresponds to

npxq � 2p1 � Ŵ qδpxq � 2NŴδpx� 1q, (4.6)
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(the factor 2 is is introduced since
³1

0
δpxqdx � ³1

0
δpx� 1qdx � 1{2). Hence, in

this case,

i � 1

Ŵ p1 � Ŵ q
�
p1 � Ŵ qŴ 2 � Ŵ p1 � Ŵ q2

�
� 1. (4.7)

To see, on some other examples, how index i depends on the distribution
function npxq, we consider the case

npxq � Nαxap1 � xqb, (4.8)

where a, b P N and where α is a normalization constant such that
³1

0
npxqdx �

N . After some lengthy algebra we get

Proposition 4.1 If npxq is given by (4.8), then the inequality index i has the
form

i �
1

a� b� 3
. (4.9)

�

To provide some numerical simulations, let us take the mobility function

γpx, yq � βpxqθp|x� y|qHpx� yq � αpxqθp|x� y|qHpy � xq

where

 H is the Heaviside function,
 αpxq � p1 � xq,
 βpxq � x,
 θpzq � e�z

2{2σ2
(with σ � 0.3, z � |x � y|) is a function modulating the

kernel with the distance between x and y.

Let us take four different initial conditions (with the same initial population
N � 1{6)
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n1pxq � 1

3s
?

2π
e�x

2{2s2 , s � 0.2, (4.10)

n2pxq � 1

6s
?

2π
e�px�0.5q2{2s2 , s � 0.2, (4.11)

n3pxq �

$'''&
'''%

�apx� x0q{x0, 0   x ¤ x0,

bpx� p1 � x0qq{x0, p1 � x0q ¤ x ¤ 1,

0, elsewhere,

(4.12)

with x0 � 1{8, a � 2, b � p1{3 � ax0q{x0,

n4pxq � 1

6
p1 � sinp4πxqq , (4.13)

and compute npx, tq. We use a finite difference scheme, with an explicit for-
ward method in time. The integrals appearing in the equations are solved
by the trapezoidal rule integration method. The computation shows that the
equilibrium solution corresponding to the four initial conditions coincide (Fig.
1). On the other hand, the evolution of iptq is obviously different (Fig. 2).

Coming back to definitions (4.1) and (4.2), we find

9

Ŵab � 1

Nab

�
9Wab � Ŵab

9Nab

�
� 1

Nab

» b

a

px� Ŵabqntdx. (4.14)

This means that in order to get an increase of the per capita wealth of the class
considered it is sufficient that the number of the individuals with wealth index
less then the average level of the class is increasing with time, and vice-versa.

Another way of visualizing the economic dynamics is to define the time de-
pendent wealth index xpptq such that the fraction p (the p�quantile) of the
total population is the class p0, xpptqq at time t, i.e. 1

» xpptq

0

npx, tqdx � pN. (4.15)

Moreover, since

npxpptq, tq 9xpptq �
» xpptq

0

npx, tqgpxqdx�
» xpptq

0

dx

» 1

0

γpy, xqnpy, tqdy

1 Alternatively, one could fix k P p0, 1s and define pkptq such that
³k
0 npx, tqdx �

pkptqN .
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(A)

(B)

Figure 1. Reaching the equilibrium solution from different initial data. The equi-
librium solution (solid line) is the same in all cases, which have been split in two
figures only for the reader convenience. (A): Initial conditions (4.10) and (4.11).
(B): Initial conditions (4.12) and (4.13).

it is immediately seen that a sufficient condition for the positivity of 9xpptq is

pḡ ¡
» xpptq

0

¯̄γpxqdx. (4.16)
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Figure 2. Inequality index computed using the mobility function (1.2) and initial
conditions (4.10), (4.11), (4.12) and (4.13).

5 Inverse problems

It can be worth considering an inverse problem for the integro-differential
equation (2.1) i.e. to look for a function γ̃px, yq such that (2.1) admits a given
stationary solution ñpxq. Of course, we do not expect that such problem is
uniquely solvable (apart form the fact that γ̃ is in any case defined up to a
multiplicative constant). This is obvious for the case ñ � N (see Theorem 3.1)
and is clearly shown in a general case

Proposition 5.1 Given ñpxq ¥ 0, for any

γ̃px, yq � ppxqppyqñpyq, (5.1)

where ppxq is an arbitrary positive function, equation (2.1) has the time-
independent solution ñpxq.

�

For a numerical check, let us take n3pxq (see (4.12)) to play the role of target
equilibrium solution and prove that taking

γ̃px, yq � ppxqppyqn3pyq
for any positive ppxq, problem (P) has the asymptotic solution n3pxq, for any
initial datum. Fig. 3 and 4 verify this fact, taking npx, 0q � n4pxq as initial
condition and taking two different functions ppxq.

From a practical point of view it makes sense to assume that the social mobility
is the sum of a given function γ0px, yq ¥ 0 and of a control function γcpx, yq
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Figure 3. An example of result stated in Proposition 5.1, with npx, 0q � n4pxq and
ppxq � x� 0.1.

Figure 4. An example of result stated in Proposition 5.1, with npx, 0q � n4pxq and
ppxq � 1.5 � sinp2πxq.

that is superimposed by some “authority” to reach or to approach a desired
stationary solution

γpx, yq � γ0px, yq � γcpx, yq. (5.2)

Let us assume a target stationary solution

ñpxq ¡ 0, (5.3)

and define

Spxq � 1

ñpxq
�
ñpxq

» 1

0

γ0px, yqdy �
» 1

0

γ0pz, xqñpzqdz
�
, (5.4)

14



so that if ñ is a stationary solution of problem (P) it is

» 1

0

γcpx, yqdy � �Spxq � 1

ñpxq
» 1

0

γcpz, xqñpzqdz. (5.5)

We consider the example in which γcpx, yq is supposed to be dependent on
just one of the two variables.

Proposition 5.2 If γc depends on the first variable, the function

γcpxq � �Spxq � c

ñpxq , (5.6)

(where c is any constant such that γc ¥ 0 ) is such that (2.1) has the stationary

solution ñpxq. pJust note that
³1

0
Spxqñpxqdx � 0q.

�

To check this result on a special case let us choose

ñpxq � xp1 � xq � 0.1,

and take
γ0px, yq � ppxqppyq pn3pyq � 0.1q ,

where e.g. ppxq � x� 0.1.

According to Proposition 5.1 the equilibrium solution corresponding to γ0 is
n3pxq � 0.1. But if we take

γcpxq � �Spxq � 0.1

ñpxq ,

we find (Fig. 5) that the equilibrium solution is ñpxq (in Fig. 5, n1pxq defined
in (4.10) was taken as initial condition, to be specific).

Example 5.1 If γc depends just on the second variable, then any positive
function of the form

γcpyq � ñpyq
N

pC � Spyqq, C � const. (5.7)

is such that (2.1) has the solution ñpxq.

�

Another particular case is provided by the following

Example 5.2 Look for some γcpx, yq of the form

γcpx, yq � λpy � ψpxqq, (5.8)
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Figure 5. An example of result stated in Example 5.1.

where λ is a positive constant and ψ is a function to be determined. In this
case (5.5) reads as

ñpxqψpxq � � ñpxq
2

�Spxq
λ

ñpxq�Nx�
» 1

0

ñpzqψpzqdz � Qpxq�
» 1

0

ñpzqψpzqdz.

Noting that
³1

0
Qpxqdx � 0, we find

ψpxq � Qpxq
ñpxq �K,

where K is any constant such that ψpxq ¥ 0.

�

Example 5.3 Look for a γcpx, yq of the form

γcpx, yq � βpxqHpx� yq � αpxqHpy � xq,
corresponding to promotion αpxq and relegation βpxq depending on the social
index x. Now (5.5) gives

ñpxqxβpxq � ñpxqαpxqp1� xq � �ñpxqSpxq �
» x

0

αpzqñpzqdz �
» 1

x

βpzqñpzqdz.

If we suppose that ñpxq and αpxq are given and look for the unknown function
F pxq � βpxqñpxq we find

xF pxq � Q̂pxq �
» 1

x

F pzqdz
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where

Q̂pxq � �ñpxq rSpxq � αpxqp1 � xqs �
» x

0

αpzqñpzqdz.

It is easily seen that if Q̂pxq � Opxq a nonsingular solution is given by

F pxq � Q̂pxq
x

� 1

x2

» 1

x

Q̂pξqξdξ.

�
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